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EXFERIMENTAL DNVESTIGATIONS O3 TR LIGET SCATFERING OF COLLOIDAL SPHERES.
g. DETREMYNATION OF SIZS DISTRIBUTION CURVES EY MEANS OF TURBIDITY

B
Marton L. Wallach and Wilfried Heller

Dopartment of Chemistry, Wayne State University, Detroit, Michigan

ABSTRACE |

The usefulnass of turbidity epectra for dstermining size

distribution cuxves is explored. Tho wethod is found to be equivalent
in porformance to that based upon spectrs of the scattering ratio
(depolarization) 1 the spectral turbidity meximum is within or neer o
the spectral renge investigated. Simltenscus investigation of turbidity

spectra and scattering vatio apoctra provides a welcome check on the
distribution curve derived from ¢ither method.
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EXPERIMENTAL INVESTIGATIONS ON THE LIGAT SCATTERING OF COLLOIDAL
SPLERES, VI. DM‘?MINATION OF SIZE DISTRIBUTION CURVES BY MEANS OF
TURBIDITY SPECTRA™.

By

Morton L. Wallach® and Wilfried Heller

Department of Chemistry, Wayne State University, Detroit, liichigan

I. INTRODUCTION

The preceding paper in this seriea3 dealt with & method for
determining oize distribution curves in heterodisperse systems of
colloidal sphores by means of the spectra of the scattering ratio. An
alternate method moy be based upon the use of turbidity spectra. The
theory of this alternate method has been given some time amh. The
present paper ls concerned with the experimental test of this alternate
method, using again heterodisperse polystyrene latices as model gystems.
The distribution curve is again assumed to be of the type

£(r) = (Jz'-r(,)e"(r"ro)/s)3
andl £(r) = O when Tz, (1)

Bere, Cf{r) dr is the number of particles per unit volume of a system
containing particles with radii between r and x + dr; r, iz the redius
of the smallest perticles present in consequential mmberss and 8 is a
paraneter proportional to the width of the distribution. For the defini-
tions of the varicusother quantities and parameters to be used, reference
should be made to the preceding mblicationas’ B

1. Th!s work was supported by the Office of Naval Rescarch. The results
given in the present paper were presented at the 134th rweting of the
American Chemical Society, Chicago, Saptewber, 1958.

2. Present address: Fllm Department, BE. I. DuPont & Co., Wilmington,
Delaware.

3. W. Beller and M. L. Wallach, J. Fhys. Chem, ..... .
L. M. L. Wallach, W. leller, and A. F. Stevenson, J. Chem. Phys., 34,
1796 (1961).

9. Particles with & radius smaller than r_ ere quantitatively defined
here as those having a radius smaller Than 99% of all the particles
presant in the eystenm.
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II. EXPERIMENTAL PROCEDURE
The systems investipgnted werc the same as used prwmﬁ.
They represent o positively skewed distributioh (H.D. 1) in line with
eq. (1), a negatively skewed distribution (H.D. 2) and a Geussian
distribution (H.D. 3). The epperatus used and preparation and trestment
of the latex samples were the same as in the proeding imvestigntionS.
Datails of the optical set-up were the same as for turbidity measurements
on monodisperse systemss except for medifications alreedy describod3,
introducing, in addition, the following changes: (1) On account of the
need for optimelly monochromatic light, the radiation emerging from the
souros was pre-monochramatized prior to its entry into the monochromator
proper by interposing interference filters combined with colored glass
Siltors; (2) The solid angle was decremsed to 1.1 x 10"1’ steradians in
order to eliminate, as much as possible, the contribution of forward
scottoringT.
Turbidity meacurenents were carried out at each wave length at
systematically varied concentrations, the lowest concentration within a
series being 0.2% x 1077 ¢, ($: volume fraction of the polymer). The
specific turbidity, o /¢, vas then plotted against concentration and
extrapolated to infinite dilution. The spectrs to be given pertain }
therefore to the condition ¢ —»0, symbolized by ( Az/¢) o
IIT. RESULIS
Figure 1 summarizes the specific turbidity spectra derived
from experdmont for the threa syetemss. The shapes of the curves differ

6. l(i. lslé)'lhbibian, W. Heller, and J. N. Bpel, J, Coll. &ci., 11, 195
1956) .

T. For a discussion of this effect see R. M. Tabibian and W. Heller,
d. Colloid sci., 12, 25 (1957).

8. Tho width of the rectangles ropresents the maximum uncertainty in 4 ;
their hoight 1sthsmmdnmumemmbyin§ t/¢),s The data indi-
cated by the black dots are the most probs es. In the case
of H.D. 3, the combined use of an Hg vapor lamp (instead of the
Pointolite lamp used in the other two cases) a monochromator, and
interference filters, reduced the former uncertainty to a graphi-
cally negligible value at two of the three wave lengths used.
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charecteristiocally. The turbidity maximum is seen to move towards

shorter wavelengths in ths direction — H.D.2 -+H.D,1 »H.D.3. This
indicates, as ill be ceen, a docrease, in this direction, of the

modal diemster, D . The direction in the shift is thergfore qualitate
ively the same as that expected in ronodisperse systems.

In order to derive distribution curves, the experimental spectra
are compared with a series of theoretical spectra constructed by using
suitable pairs of Py and g -velues. For this purpose, 1t is adventagsous
to normalize both types of spectre with respect to the specific turbidity
observed ot n reference wavelength. The reference selocted here is the
green Hg-line. This normalization eliminates (a) uncertainties connected
with concentration determinations and (b) corrections in the mmerical
values associated with tbe finiteness of the solid angle' and (e) it
allows one to accomodate severel spectra in a single greph.

The normalized experimental Ar/f-spectra ure represented in Figs. 2
and 3 by the heavily drswn curves. The open circles corrcspond to the
most probable experimental values given ‘n Fig. 1. The dblack circles
are obtained by interpolation hy meens of the curves in Fig. 1. Normalized
theoretical spectra are derived by first verying the values of 9P
pairs within large intervals. Having come reasonably close to the
normalized experimental spectra, the intervals in the mumerical velues
of g and p, are reduced to 0.4 or 0.2. (After some experience, the
first step of wide variations in qp and p, can be climinnted). Three
(Fig. 3) or four (Fig. 2) theoretical spectra are reproduced for each of
the three systems. Thsy cover the entire range of acceptable QRPr
combinations which form the basis for the subsequent selection of the best
9g-Pp-pair. This final selection may be mede by siuply picking that

theoretical spectrum which comes closest to the experimentel one. Instead,
one may, for a still detier approximetion, obtain the optimal prpn-mir

by interpolation between the two or three closest fitting theoretical
spectra. The spectra wsed for such interpolations are identified in

I -
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Flgs. 2 and 3 by the aymbolo i, and L, respectively

Pigwes &, 5, and 6 give the optical distribution curves and
elsctyon microscopic histograms obtained for H.D. 1, H.D. 2, and
H.D. 3, reapectively. (Tue procsdure used for the election microscopic
determinations of the size distributions hus been doscribed previously’)
The fully drasm curve inm Fig. 4 (E.D. 1) resuits fxom the interpolated
qnnnapgo-m: intarmediate between those of the 1landigspectra
in FMg. . Mdottedmrveapermwtheilandiawm
thamselves. The modal diemster is hardly affected by the inmterpolatioca.
On the other hand, the penk height of ths curve ic improved dy 1it.
Figare 5 (H.D. 2) contains only tha curve obtained Ly interpolation
betyean the 1-)) dey B0d 1~ curves (see Fig. 3 and Footuote 9).
Fig. 6 gives two éistritution awrves (I, II) derived for H.D. 3 from
the i, and i, peirs of gy-p -values (cee Fig. 2). The distribtution
curve which would result fvem an interpolation between the 1, and 1,-
pairs is cuitted. It would be imtermediste between the cwrves I end IT,

The mathod applied hers for the derivation of size distritution
curves from turbidity spectra 1is Laged on the spectra obtained Ly
extrapolatien of (1 /4 )-values to aero concemtration at all wave=
lengths. This 18 time consuming. It is therefore of interest to note
that it my be sufficient to operate at & single reasonably amall
concentration i optimm accuracy 18 not required for the distribution
‘dotn. Although the individual 2L  -valuss are then different fram
the extrapolatad (1 c/p)-values, the chepe of the mormalized 25 ve.

,(,, curve is not materially affected. This is tested for H.D. 1.

Pormalized data of 17//obtained ot the very small concentration of
0.827 x 1073 g. s01145/100 g. Latex are idemtified by crosses in Fig. 2.

9. In oxder not %o crowd Mgs. 2 apd 3, only 3 or 4 instead of the
larger mmber of ectually considered theoretical spectrs are ahmm
For the ssame reason, theia-mwveinﬁg 2, pertinent to H.D.3
omitited (% 1.8 Bi5.6). Similarly, ea i,~urve in Fig. 3 (1 3,7 7.2)
is anitte

10. Electronic computation would, of comurse, caxry out sutomaticslly the
sqivelent of such interpolations.

- -
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They are throughout larger than those obtained by extrapolation of

the spectxum to zero concentration (eircles). The 9p-Py Pair satisfy-
ing these alternate data (1.0; 7.0) would give a distribution curve
very similar to that of the pair {1.0; 7.2) except for a slightly lower
model diameter. On using this approximation method, it 1s really not
necessory to know the absolute concentration provided that one has
proof that one operatss within "gufe" range of low concoentrations. The
safe range is Gefined by the fact that T varies, within it, linearly
with concentration at all wavelengths used (negligible multiple
scattering).

Table I gives a comprehensive survey of the mumerical results
obtained for the mumber average dlameter, Bn, modal diameter, D, diae
meter of the smellest particle present in consequential numbers, Do’
and the balfwidth, W', In each instance, the per cent deviation with
respect to the electron micrescopic data is given in parenthesis. The
quantities enumerated being those of principal importance, it can be
étatéd that the method employed here for determining size distribution
curves is most satisfmctory in those cases where the basic type of uni.
model distritution curve does not differ from thet assumed. If the
distribution curve ie not of the type assumed, the results for b, n,
and Do are still very satisfactory, tut the balfwidth W is obviously
very mch in error. If better results for the latter are to be ob-
tained, it is necessary to use the two termm equation or cquivalent
procedures discussed pmtiouslyS. 1t is, fortunately, easy to ascertain
" when this contingency arises. A major departure of the distribution
curve from that assumed by eq. (1) is indicated by the fact that no
theoreticnl spectrum can be found-by means of any anpR-combimtions—-
which would coincide with the experimental spectrum except for a very
narrow spectxal range. In Fig. 2 the experimental spectral curve of

11. The halfwidth W considered here is twice the halfwidth, w, de~
fined, pnevioushj? The latter would apply if the independent
varioble were the particle radius, r, raother than the diameter
used here.
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H.D. l-vhich satisfias eq. (1) is nearly parallel to any of the best
fitting theoretical curves. On the other hand, in Fig. 3, ony theoretical
curve vhich is fitting well in one pert of the spectral range considered,
crosses the experimental curve in another part. This indicates at once
that the systeminrestigated @oes not possess the distribution assumed.
For the Gaussian distribution in Fig. 2 (H.D. 3) the situntion is inter-
nediste. Here, it 1s seen from the degree of agreement between experi-
mental end theoratleal spectra that the distribution curve differs, tut
not radically, from that assumed. It depends of course on the objective
as to whether or not unsatisfactory conpliance of the best theoretical
and the experimsntal epectrum warrants use of the more time consuning
two term equation or of its equivalente. The "worst case" that one may
face with unimodal distributions, is that illustroted by Fig. 5. For
many purposes, such an approximate distribution curve may be sufficient.
IV. APPROXIMATION METHODS AND METHODE FOR ATTAINING LIMITED OBJECTIVES.

Approximating procedures are indicated if the objective is
merely the determination of D, D, and D . The reason is that D and

chanae relatively little on vo.ryi.ng % und Py within modea't limita.
mia is clear from the pertinent equations given previously There-
fore the agreement betwsen the electron microscopic modal diamgter and
that derived from any of the curves in Flgs. 2 and 3 is within T#, 3%
and 2% for H.D. 1, H.D. 3, and H.D. 2 respectively. If the objective
18 thercfore limited to any or all of these three da.ta, it is not
neceasaxry to scarch for the best f£itilng theoretical spectnm. An op~
praximate £it is then ell that is needed.

If the objective is even more limited, i.e., if one is merely
interested in determining an approximate vaiue of D, or D ,one muy
dispense with apectra entirely and operate at a eingle vavelength., The
dlemetor thus obtained is an gpperent quantity since the system 48
treated as if it were monodisperse. It 1s of interest to evaluate

12, A. F. Stevenson, W. Heller, and M. L. Wallach, J. Chem. Physics,
34, 1789 (1961).
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the error committed by using such & very sicple technique on hetero-
disperse systems. Choosing, for this purpose, the date obtained at
the green mercury line, tho theoretical specific tuwrbidities would
yield a particle diameter of 1,196 , 1.21h , and 0.736_« for H.D. 1,
R.D. 2, and H.D. 3, respectively. The differences between these dia-
meters and modal dilameters aa obtained from the optical Aistribution
curves are 15, 10, amd 215 respectively. The mmerical error would be
larger than indicated in systems more heterodisperse than thosa used
here and emaller in the reverse case. Similarly, in a given systenm, the
error would obviously vary with the wave lcmgth Therefore, the ratio
of the epparent diameters obtained at two mvclenghha-trenting the
‘gystem as if it were monodisperse (g = O)-can provide a rough measure
of the relative degree of heterodispersion’>. Only in strictly mono-
disperse systems can this ratio be equal to 1.0 provided the difference
in the refractive index at the two wave lengt'.he used is tal:en into account.’
.'V PROBAK‘ERANGEOFUSEEWEBSOFMBIDITYSPECM o '
The usefulness of turbidity spectra (within the visible spectral
range) for determinirg size digtribution curvee and the sensitivity of
the spectra to changes in the degree of heterodispersity have been in-
. vestigated in the present work for size distribution curves extending
from particle diametors of about 0.7 to 1.4 microns. It cun be anti-
cipated that o sensitivity of ( A¢/) o-Epactre to heterodispersion,
similar to that found here, exists also for particles smaller than O.7
microus (but large encugh to be outside of the range of Rayleigh
scattering)” . While experiments in this lower range are desirable, the

13. It is clear that the apparent diameter should increase with de-
creosing wavelength if the spectral range considered comprises
wavelengths larger than that at which the spectral maximm occurs.
It should decrease with decrensing wavelength in the inverse case.

1. The method described here like any other possible light seattering
method will, of course, be wholly insensitive to particle silze
distritutions if all the particles are so small compared to the
wavelength that Rayleigh scattering applies.
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situation waich one is bound to find if D, is as small as 0.25 micron
(pH = 2.0) can be derived from an inspection of Flg. 3 of reference 4.
An increase oqufroml.Otoh.ouadatoabwttMsmchnn@ein
the normalized (A c/¢)°-spectm if pp has the constant volue of 6.0
(D°~0.8/() in one case and 2.0 in another.

On the other hand, turbidity spectra will fail if the particles
are oo large relative to the wave length. Work done by R. Wu in contine
uation of the present work shows that the sensitivity of the turbidity
~8pectra mothod within the visible range of the spectrum begins to fall
off scricms]y it the distritution extends to diameters as large as two
* microns.
" On being faced with syst_;éms_ in vhich the particles are too smell
(Rnyleigh range) or too large (upper micrdscbpic ronge) to apply usefully
turbidity spectre within the visible range, one may, of course, in
" fuvorable instances (no or.wemk truc nbsorption), resolve the problem by
" meking use of turbidity apectra. ‘in the for ultraviolet or intermediate
. -infrared mnpectively ' L :
vi.

The resulta pxeaented hero, ; on canpariug them with those given :

' previously’, show that the method of determiring size distritution curves
fron turbidity spectra is, at- least for the systems investignted,
: caqpa.mole in performance to that based upon spectra of the scattering .
ratic. A specific example 18 given in Pig. 6. The size distritution
curve obtained for H.D. 3 from d-cpectre- (Curve IIT) is campared to
those obtained by the method described in this present paper. The .
auves are in’ satismctory agreement. For a closer check, the results
given in Tabl: I may be compared with the results obtained for the same
systeno by the alterate method (sec Table 1, Ref. 3). .An important
advantoge of the present method is its relstive simplicity inosmich as
any proporly modified spectrophotometer may be used. In addition, due
to their monotonic character, theoretical (1t/¢ ) (A )-curves cen be

_J,AA‘ -

s i ¢ s
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derived and constructed fastor™’. Also, & high brightness of the light
source 1s not as imperative here as in the case of scattoring ratio
gspectri.

On the other hand, &n advanisge of the method based upon spectra of
the scattering ratio is that the curves ore more oscillatory and should,
therefore, in principle, be more sensitive to changes ia heterodispersity.
They should also be relatively independent of py (the smellest particle
size at which the distribution curve effectively begins) exccept for the
inconvenience of having a large mmber of maxime and minima within a

limited spectrel range if one were to operate within the microscopic
range. This may well be the most important advantage over the turbldity
spectra which should, as stated, become rather insensitive to size
" distributions if D, is in the microscopie range. '

An 1mortnnt mrther diPforence between the method of 0 -spectza
and turbldity spectre pertains to the ease of finding the % and pR-
values to be used for the analysis. This is of wajor practical importance
1f the £itting of theoretical and éxperimental spectza is not carrled out
bty electronic computation. In order to 108¢ as little time as possible
"in picking the right range of qR-anc”i p ~combinations out of an a priori
dafinite mumber of combinat:!_.ons, one uses a3 o guide the genernl aspect
of the experimental spectra. There ave two arguments in the case of
the 4 -gpectra. . The number of maximn and minima within o given spectral
range gives the range of Pr-valuss to ve examined. Their degree of
shallovness glvas the reuge of qr-vnlues to be examined, (see e, g.
figs. 4, 5, & in ref. 12). ‘In the case of the turbidity spectra, on the
other hand, the number of possible mnxima is reduced to cme. A quick
analysis 18 therefore possible only if the AL/p maximum ocours within
the visible range. The presence of such o meximm immediately limits the
mugber of pp-values that may te considered. The dagroe of shallowness
of the mectimm is a reliable indientor of the approximate Qp-range to be

considercd. The two arpuments are therefore, under thesce circunstances,

15. This advantage is, of course, minor if electronic metching is used.




10 -
similar to those enmumerated for the ¢ -spectra. The absence of a
maximum within or very close to the experimental spectrum of (A 1:// )
increases the labor of finding the best qR-pR-pair; it does, however,
not interfore with the applicebility of the A ¢/f-method. Only one of
the three oystems investigated here, cxhibited a AT// maximum,

The availability of bath the s{1) and ¢/ (1) methods provides
g velcome opportunity to check the results obtained with one against
those obtoined with the other. It allows one to make a quicker decision
&8 to the proper 9 and pnmmbinat:lon than with one spectrum alone.
Farthermere, o combination of the two methods, and, if recegsory, consid-
eration of o third (variation of lateral scattering with the angle of
observation)-may allow one to derive distribution curves without having
to make any assumption about its basic type. This possibility which
appears vory promising, provided the degree of heterodispersion is not
80 large as 4o wipe out spectral and angular maxima and minime completely,
is being explored at the present fime.

In conclusion, 1t may be noted, that with systems in which the
gpheres show alatrong dispersion (of the refractive index) dispersion
corrections mey be indicated on applying the method described here.

With the systems investigeted here, these corrections proved to be too
‘amnll to be taken into account.




ZTAMLE I
Swmery of Npericsl Reslts.

_m.wmnmmmmmmmmm
daviations relative to electron microscopic date.

Sysian

H.D. 1

H.D. 2
H.D. 3

5 T %
2.08g (6.5) 1.02, (5.6) 0.1, (3.3)
1.20, (3.3)  1.09; (0.6)  0.95; (4.5)

090, (2.5) 0.8 (2.1)  0.Tay (6:5)

W
0.14, (~1)
0.18, (25)

0.2, (27)
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Actual = of the heterodisperse H.D. 1 and
investigated, :

Ihmerical data identifying the three characteristic parameters of
the distribution curwves are due to electron microscopy (subscript e).
Dots: most probable vnlues; beight of rectangles: total width

of spectral band entering spparatus. (In two instances, use of
Hg-vapor lamp, instead of incandescent source~in carbination with
monochromator, interference filters and color filterse-reduced width
of rectangle to practically zeroy)

Normalized experimental and theoretical S Zg al-ggcbra of
o

H.D. 1 ond H.D. 3.

AB‘eav,ily drawn curves: Spectra derived from experiment.

Other curves: theoretical spectra.

" Normalized experimental and theoretical (), é}-ﬂpectm of H.D. 2.

il
Size distritution curves derived from turbidity spectre and

comparison with electrommicroscopic histogram. I: Systen (H.D. 1)

vith positively skewed distribution conforming to eq. (1).

Fully drewa curve: using imterpolated Qg=Ppevalues.

" Dotted curves: using the tuo qa-paopairs vhich come closest to

achieving spectral f£it on using Agp and &p, intervals of 0.4,

Size distribution curve derived fyom turbidity spectra and comperison
with electrommicroscopic histogram. II: System SH.D. 2[ with

- gepatively skewed distribution curve.

Interpolated qR-pR-vaJnes used.

Size distrilution curves derived from turbidity spectra and

c ison with curves obtoined from ctra of scatter ratio

and vith electronmicroscopic hist . tem {H.D. -

mating Genssian distribution.

I, II: wusing turbidity spectra and the two %Py pairs which came
closest to achieving spectral £it on using AqR-and Apn-inter-
vals of 0.2. (Interpolation of qp and pp-values would yield
curve within aren bounded by curves I and II)

III: using § -spectra and interpolated qR-and pn-values.
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